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Abstract
How do subregion boundary representations transform under conformal transformations? In
this paper we conjecture a transformation rule and provide evidence for it. We also show how this
transformation rule helps mitigate the subregion reconstruction paradox presented by Alhmeiri et
al.
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I. INTRODUCTION.
The bulk reconstruction program aims to find operators in the boundary CFT that rep-
resent the fields in the bulk[1–6].
The HKLL prescription for finding boundary representations of bulk fields is to solve
the wave equation in global or Poincare chart of AdS. They turn out to be non-local CFT
operators of the form:
φ(X) =
∫
dy K(X ; y)O(y) (1)
Where y is the boundary coordinate and O(y) is the CFT primary dual to the bulk field
φ. The function K(X ; y) is called the smearing function. It has support on all boundary
points with spacelike separation from the bulk point X .
How do these non-local operators transform under conformal transformations? The an-
swer is known (chiefly from [8], see also [9–11]). The transformation rule is such that
consistency between boundary conformal symmetries and bulk isometries is maintained. It
is given by:
U(Λ)φ(X)U−1(Λ) = φ(Λ−1X) (2)
where Λ is any boundary conformal symmetry while Λ denotes the corresponding bulk
isometry.
One can similarly find boundary representations of fields in an AdS/RIndler wedge by
solving equations of motion in an AdS/Rindler wedge. This gives a nonlocal operator which
is smeared on the boundary of that AdS/Rindler wedge. The smearing function K(X, y) is
a distribution in this case [6].
In is interesting to ask, how does an AdS/Rindler wedge representation of a bulk field
transform under conformal symmetries? The AdS/Rindler wedge is not preserved under
all isometries. Likewise the boundary of the AdS/Rindler wedge is not preserved under
all conformal transformations. However an AdS isometry will map an AdS/Rindler wedge
to anotherAdS/Rindler wedge, and on the boundary this isometry will act as a conformal
transformation.
Based on this one may expect that under a conformal transformation, the boundary
representation of a bulk field for one wedge will get mapped to the boundary representation
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of a different wedge.
Let us consider an isometry Λ that maps one wedge to a different wedge. Let us denote
the initial wedge as a and the corresponding boundary representation of a scalar field as φa.
Under the isometry a is mapped to thewedge Λ−1a. The boundary representation for the
same scalar field in this wedge is denoted as φΛ−1a.
We conjecture the following transformation law for AdS/Rindler boundary representa-
tions, for isometries (conformal symmetries) that don’t preserve the wedge (boundary of the
wedge):
U(Λ)φa(X)U
−1(Λ) = φΛ−1a(Λ
−1X) (3)
Here Λ is the boundary conformal symmetry corresponding to the bulk isometry Λ.
This is similar to the first transformation law, except that the two boundary representa-
tions on LHS and RHS are different. They are the representations corresponding to the two
AdS/Rindler wedges mapped by symmetry.
We have not been able to prove the law. However if we assume the code subspace
conjecture, we can provide evidence for (3) within the code subspace.
Alternately, if we assume (3) to be true in itself, we will see that it sheds some light on
the subregion paradox presented in [7]. We will argue that it helps mitigate the paradox.
In the next section we present evidence for (3). In the third section we show how the
apparent paradox is resolved by this equation. We conclude with a summary.
II. EVIDENCE FOR THE TRANSFORMATION RULE
In this section we will assume the code subspace conjecture to hold and provide evidence
for the transformation rule (3) above. Of course it may turn out that (3) holds while the
code subspace idea does not. We will hint at this possibility in the next section.
Concretely we assume that the action of different boundary representations of the bulk
field at the same point are the same on states within the code subspace (i.e states which
correspond to the low-energy effective field theory in the bulk).
Let us consider an AdS/Rindler wedge a. The overlap of this wedge with the boundary
is denoted as A. Let φa be the AdS/Rindler boundary representation of a bulk scalar in a
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and φ is the global HKLL representation. Then φa has support on A while φ has support
on all points in the boundary spacelike separated from the point considered.
According to the assumption made above, we will have for a bulk point X :
φa(X)|ψ〉 = φ(X)|ψ〉
.
For any state ψ in the code subspace. In what follows we will consider with the vacuum
state, but the proof can be extended for states representing paricle excitations on the bulk:
φa(X)|0〉 = φ(X)|0〉 (4)
Now let Y be another bulk point in the same wedge a which is related to X by a bulk
isometry Λ: Y = Λ−1X . We assume Λ to be such that it does not preserve the wedge,
that is some points inside the wedge will be mapped out of it under this isometry. We call
the corresponding boundary conformal transformation as Λ. This also does not preserve the
boundary of the wedge.
Now from (2) we know that φ(X) is mapped to φ(Y ) via the unitary representation of
the conformal transformation Λ:
U(Λ)φ(X)U−1(Λ) = φ(Y ). (5)
So we have:
U(Λ)φ(X)|0〉 = φ(Y )|0〉 (6)
Applying the unitary operator U(Λ) on both sides of (4) and using (6), we have:
U(Λ)φa(X)|0〉 = φ(Y )|0〉 (7)
However we saw that the region a is not preserved under this isometry. Let a′ = Λ−1a
be the AdS/Rindler wedge related to a by this isometry. Let A′ is the boundary of a′, then
we have A′ = λ−1A.
What happens to φa under a conformal transformation? We know that:
φa(X) =
∫
A
dyK(X, y)O(y) (8)
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The integration is over A. Then under a conformal transformation we have:
U(Λ)φa(X)U
−1(Λ) =
∫
A
dyK(X, y)U(Λ)O(y)U−1(Λ) =
∫
A′
∣∣∣∣∂y
′
∂y′
∣∣∣∣
d−∆
d(Λ−1y)K(X, y)O(Λ−1y)
(9)
So we have that U(Λ)φa(X)U
−1(Λ) is an operator smeared over A′.
Now for the AdS/Rindler wedge a′ we will also have a boundary representation of the
bulk scalar which we denote as φa′ which is smeared over A
′. As the bulk point Y lies in
this wedge, it follows again from the code subspace conjecture that:
φa′(Y )|0〉 = φ(Y )|0〉 (10)
Then from (7) and (10) it follows that:
U(Λ)φa(X)U
−1(Λ)|0〉 = φa′(Y )|0〉 (11)
This we see that these two operators related by (3) have the same action on the vacuum
state.
This can be extended to any state in the code subspace. Let’s take any state |ψ〉 that
belongs to the code subspace. It would represent some state in the bulk field theory (such
as a many-particle excitation). The action of bulk isometry would map it to another state
in bulk field theory. By consistency between bulk isometries and boundary conformal trans-
formations, the boundary dual to this bulk state would be ψ′〉 = U(Λ)|ψ〉. Thus this state
also belongs to the code subspace.
Now from code subspace conjecture we have:
φa(X)|ψ〉 = φ(X)|ψ〉 (12)
Acting on U(Λ) on both sides we have:
U(Λ)φa(X)|ψ〉 = U(Λ)φ(X)|ψ〉 (13)
Using (2) we have:
U(Λ)φ(X)|ψ〉 = φ(Y )|ψ′〉 (14)
Also since |psi′〉 is a state in the code subspace, from the code subspace conjecture we
have
φa′(Y )|ψ
′〉 = φ(Y )|ψ′〉 (15)
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Then using (15) and (13) we have that:
U(Λ)φa(X)U
−1(Λ)|ψ′〉 = φa′(Y )|ψ
′〉 (16)
Thus we have shown here is that the transformation law (3) holds in the code subspace.
Moreover we saw that the operators on the LHS and RHS have the same support. This
strongly suggests that the two operators are one and the same and (3) holds generally.
III. CONSEQUENCE FOR SUBREGION PARADOX
In the previous section we started from the fact that different subregion representations
act identically in low energy states and provided evidence for (3). In this section we will
go the other way and show that if we assume (3), it helps shed some light on the subregion
paradox of [7]. In this section we do not assume the code subspace idea to be true. Indeed
the code subspace idea arose as a solution to this paradox, and we will argue here that it
may not be needed.
First let us recall this paradox. If we have two overlapping AdS/Rindler wedges b and
b′ and boundary representations of corresponding scalar fields are φb and φb′ we have the
following equivalence:
〈0|φb(x1)....φb(xn)|0〉 = 〈0|φb′(x1)...φb′(xn)|0〉. (17)
This above result gives rise to an apparent paradox. φb and φb′ are two different CFT
operators with different supports, but they both represent the same bulk field. There is thus
an apparent redundancy of description of the bulk from the boundary – a given bulk field
can be described by more than one boundary operator.
This appears paradoxical, because it seems one has multiple CFT operators whose actions
are identical. It would thus seem that the same information is somehow stored in the
boundary CFT in different regions. 1
1 Another apparent paradox suggested in [7] is easily resolved. They noted that bulk microcausality dictates
that the CFT representation of a bulk field at the origin commutes with the CFT representations of scalar
fields on the boundary at t = 0. But an operator which commutes with all CFT operators at a given
time contradicts the time slice axiom of QFT. However, a bulk field at a boundary point is given by:
limr→∞ φ(r, t, ~x) = r
−∆O(t, ~x). So from bulk microcausality we have, denoting the CFT representation
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We will now argue that (3) helps mitigate this paradoox.
To see this, let the isometry mapping b to b′ be Λ, and the conformal transformation
mapping their boundaries be λ. Then from the transformation law (3) it follows that:
〈0|φb′(x1)...φb′(xn)|0〉 = 〈0|φb(Λ
−1x1)...φb(Λ
−1xn)|0〉 (18)
From (17) to follow from (18), we should have that:
〈0|φb(Λ
−1x1)...φb(Λ
−1
xn)|0〉 = 〈0|φb(x1)....φb(xn)|0〉 (19)
This relation that says bulk isometry should to be respected by the boundary represen-
tation. It is incorporated in boundary representations by construction. While we showed
this for correlators in the vacuum, it is straightforward to extend it to other states in the
code subspace.
Thus we see that the transformation law helps in mitigating or perhaps transforming the
paradox. It reduces (17) to (19), which is a statement involving boundary representations of
the same wedge, and not two different wedges. If (3) is true, it is (19) which might require
explanation, (17) is an obvious consequence.
IV. SUMMARY AND CONCLUSIONS
In this paper we conjectured that the transformation of AdS/Rindler representations un-
der boundary conformal symmetries is given by (3). Assuming that different representations
have the same action on the code subspace we proved that this statement holds within that
subspace and argued that it holds generally.
Then we assumed (3) to be true and used it to shed light on the subregion paradox
of Alhmeiri et al. We argued that the transformation law mitigates the paradox – same
information can reside in different locations if they are related by symmetry.
It may appear logically circular that we used the conjecture that different represenations
agree on the code subspace to provide evidence for the transformation law, and then used
it for the paradox that is already resolved by the same conjecture. However these two
at the origin as φ(0): limr→∞ r
−∆[φ(0),O(t = 0, ~x)] = 0. But this does not imply that φ(0) commutes
with all O(t = 0, θ) because the r−∆ term ensures that the expression always vanishes in the boundary
limit.
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sections should be considered logically independent. The transformation law is also logically
independent of the code subspace conjecture and in principle provable or disprovable directly.
As we have not managed to prove it directly here we have offered proof assuming the code
subspace idea to be true. In the third section we have assumed (3) to be true and investigated
its consequences for the subregion representation paradox.
One should be able to prove the transformation law (3) directly. We leave this for future
work.
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